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Abstract 

The hydrogen atom in two dimensions, described by a Schrodinger equa- 
tion with a Chern-Simons potential, is numerically solved. Both its wave 
functions and eigenvalues were determined for small values of the principal 
quantum number n The only possible states correspond to I = . How the 
result depends on the topological mass of the photon is also discussed. In the 
case n = 1, the energy of the fundamental state corresponding to different 
choice for the photon mass scale are found to be comprehended in the interval 
—3, 5 x 10~ 3 eV < E < —9, x 10 -2 eV, corresponding to a mean radius of the 
electron in the range (5.637 ±0.005) x 10~ 8 < (r) < (48.87 ±0.03) x 10" 8 cm. 
In any case, the planar atom is found to be very weekly bounded show- 
ing some features similar to the Rydberg atoms in three dimensions with a 
Coulombian interaction. 
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1. Introduction 

Lower-dimensional quantum-mechanical and field-theoretic models have 
acquired a renewed interest and have boosted a tremendous deal of papers 
over the few recent years, especially in connection with Condensed Matter 
Systems. Relevant phenomena such as high-T c superconductivity [l|, 0] , frac- 
tional quantum Hall effect 0, 0] and spin-charge splitting jsl, [ll[ in planar 
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systems have motivated an intensive development of models based on prin 



ciples, fundamental ideas and technicalities of Quantum Field Theory [12 



New materials like the genuinely planar graphene monolaye rs [13l. |14| , topo- 



logical insulators [15|-[19fl and topological superconductors |20(-|22j bring to 



light what we may say is a new state of matter, the so-called topological 
matter. Peculiar properties, which are typical of lower-dimensional systems, 
are revealed in these systems which motivate the real need to apply ordinary 
and relativistic Quantum Mechanics, methods of Quantum Field Theory and 
concepts of gauge theories to build up consistent models that correctly de- 
scribe the observed phenomena. 

In the framework of lower- dimensional Physics, more specifically, planar 
systems, electromagnetic interaction allows that the photon acquires a non- 
trivial mass without any conflict with its inherent gauge symmetry. There 
emerges then the so-called Maxwell-Chern-Simons Electrodynamics 23l. |24|. 
which, as quantum gauge-field theories, display a remarkable ultraviolet be- 
havior and finds applications in the understanding and description of a great 
diversity of phenomena which are typical of (1+2) space-time dimensions, 



such as, for the example, the appearance of particles, the anyons [25|, |26 
which obey an intermediate statistics and are present in many planar sys- 
tems of interest. 

Motivated by the importance and particular aspects of Planar Electro- 
dynamics, we place our question of interest in this frame: namely, we wish 
to exploit and discuss the influence of space-time dimensions on the electro- 
magnetic interactions and on the properties of particles with electric charge 
and/or magnetic properties. With this purpose in mind, our paper sets out to 
investigate the non-relativistic quantum mechanics of an electron in the field 
of a static point charge considering that the electromagnetic phenomenon 
is mediated by the (gauge-invariant) massive photon of a Maxwell-Chern- 
Simons Electrodynamics. By following this path, out true aim is to reassess 
properties of the non-relativistic hydrogen atom and, so, to compare them 
with the corresponding properties in other dimensions to really point out the 
effects of dimensionality on the structure of the hydrogen atom. 

The outline of our paper is as follows: in Section 2, we set up the non- 
relativistic planar Schrodinger equation for an electron in a Maxwell-Chern- 
Simons potential. Next, in Section 3, we carry out the numerical studies of 
the problem and understand that I = is the only possible state for the 
Maxwell-Chern-Simons planar atom. In this s-wave state, we work out the 
values of the binding energy and mean radius of the electron orbit, investi- 
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gating how those values depends on the choice of the topological mass of the 
photon involved in the Maxwell- Chern- Simons Electrodynamics. Finally, in 
Section 4, we cast our Concluding Comments. 



2. Hydrogen atom for Chern-Simons potential 

For the classical Maxwell- Chern- Simons Electrodynamics in (1 + 2) di- 
mensions, the magnetic and the electric fields of a pointlike charge e are 
given, in the Gaussian unit system, by 

B = K (m lC r/h)- E = VB = -V<j> 

zirn rriryC 

where K Q is the modified Bessel function and m 7 is the photon effective 
topological mass, which is expected to be in the range 0.1 eV < m 7 < 1 eV 



271 ] . From these equations we get the electric potential 



4>{r) = Koim^cr/K) 

In two dimensions, the Schrodinger equation for a massive charged parti- 
cle (electron), with mass m and charge e, interacting with a central external 
potential <p is 

d 2 u(r) | 2m \ h 2 [I 2 - 1/4] \ _ Q 

dr 2 h 2 \ 2m r 2 J 

where the potential energy is U(r) = —e<j)(r) and the usual radial solution 
(in D dimensions) is given by R(r) = 

nf<yU — 1)/Z 

Therefore, the Schrodinger equation for a Maxwell-Chern-Simons poten- 
tial is 

d 2 u(r) ^ 2m f + m 7 ce 2 ^ rm^cx ^ ~ V 4 ] 1 / \ _ Q ^) 
dr 2 h 2 \ 2nh V h J 2m r 2 J 

In order to solve numerically Eq. (J2J), it is convenient to put it in a di- 

h 2 

mensionless form. Defining Bohr's radius as a B = — ^, one gets 



me' 

ft 

dr 2 ' a 2 B \e 2 /2a B ttH " V h ) h r 2 



d 2 u(r) 1 f E m~ca B (m^c \ , \l 2 — 1/4] . 

J +— L -r^K (—^r)-a 2 B [ - J-A\ u {r) = U. (3) 
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Introducing the dimensionless variable x = r/as, Eq. can be written 

as 



d 2 ,(x) , / E + rrL^s^ fm^B\ _ [I 2 -1/4] , y{x) = Q (4) 



dx 2 {e 2 /2dB kTi \ h J x 2 

Finally, expressing m 7 = Am e , Eq. fl4]) can be also written in terms of the 
fine structure constant, a, as 

e 2 h 2 1 ft 1 
a = — = — = = — -. (5) 

nc mag he mcds 137 

from which we gets the dimensionless equation 

d2 * w '' E + A^ fM_^Uw = o ( 6 ) 



dx 2 \e 2 /2dB Tea \ a J x 2 

Thus the problem is reduced to the interaction of a charged particle with 
an effective potential, U e fi(x), defined by: 

T T / \ A f\x\ [I 2 - 1/4] 
7T« \ a / 



which generalizes what was done in Ref. 28 . 

Such an effective potential in two dimensions has a very peculiar behavior, 
namely, what is usually called "centrifugal potential" became indeed attrac- 
tive when I = and it is straightforward to see that only in those case it is 
possible to have bound states. 

This effective potential, for I = 0, and m 7 /m e = A ~ 0.2 x 10" 5 , has the 
behavior as shown in Fig. [TJ 

The eigenvalue equation, Eq. (JS)), can be numerically solved by a slightly 
modified version of the Numerov Method 30 , 3l]| , as did in Ref. 29 , in 



order to include also first derivatives The algorithm was implemented using 
C ++ language. All the calculations and graphics were done by using the 
CERN/ROOT package. 

3. General results 

First of all, it is important to say that it is not our intention to carry out 
a systematic calculation of the hydrogen atom sprectra; only few eigenstates 



4 





















Effective 

'Centrifugal' 

Chern-Simons 











































10" 2 10"' 1 10 10 E 10 3 1i 



r/a B 

Figure 1: Plot of the effective potential and of each one of its components, for I = 0. 



and eigenfunctions were determined. Once more, let us stress that for the 
Maxwell-Chern-Simons potential, the planar structure of the space imposes 
solutions only with / = 0. For different values of the angular momentum, the 
centrifugal potential dominates and the effective potential became positive 
and continuously decreases. 

The second point, already mentioned, is that the result clearly depends 
on the choice of the topological mass of the photon, m 7 . Thus, for numerical 
purpose, we have considered three cases: A = m 7 /m e = 0.2 x 10~ 5 , A = 
0.2 x 10~ 4 and A = 0.2 x 10~ 3 . For m 7 ~ 0.1 eV we could not find a solution 
within the sensitivity of our numerical calculation. This situation is very 
close to that where only the 'centrifugal term' contributes which gives rise to 
no bounded state. Conversely, once some energy levels of this kind of planar 
atom is measured we can straightforwardly set up the scale of m 7 . 

For the ground state we found numerical solutions for the all probed A 
scales. The three wavefunctions are shown in Fig. and the corresponding 
eigenvalues for each one are, respectively, 

E 1 = -0.000026 Ry = -0.000026 x (13.6) eV = -0.0035 eV; 
E 1 = -0.0015 Ry = -0.020 eV; 
E 1 = -0.0067 Ry = -0.09 eV. 

In the case A = 0.2 x 10~ 5 (m 7 ~ 1 eV), we still find a second state (n = 2, 
/ = 0) with energy E 2 = -0.0002 Ry. For A = 0.2 x 10" 4 (m 7 ~ 10 eV), two 
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Figure 2: Radial wave function i?;=o(r/as) for the hydrogen atom in the case D = 2 with 
arbitrary normalization. The three curves correspond to different choice of m 7 . 

other states are found (n — 2, I — and n=3, I = 0) with energies given, 
respectively, by E 2 = -0.00075 Ry and E 3 = -0.0004 Ry. 

Fig. |3] shows the first three eigenfunctions corresponding to m 7 = 0.1 eV. 




Figure 3: Radial wave functions for the planar hydrogen atom for the states n — 1,2,3 
with arbitrary normalization. 

Once the radial solution is known, the mean value of the electron radius, 
(r), can be evaluated by solving the expression (with D = 2) 
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j r D ■ Itf =0 {r)dr j x ■ y? =0 {x)dx 

{ } f r°~i ■ Rl Q (r)dr ° B f yl (x)dx W 

which was done numerically adopting the Rejection Monte Carlo Method 

HE! . 
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Figure 4: Histogram generated by the Rejection Monte Carlo Method in order to estimate 
the mean value of the electronic radius in the ground state of the planar hydrogen atom, 
corresponding to the choice m 7 = 1 eV. 

For the ground state, and considering m 7 = 1 eV, the result for the 
mean radius is (x) = (r)/a# = (92.35 ± 0.06), which corresponds to the 
statistic treatment of the histogram given in Fig. HJ Using the value of Bohr's 
radius, a B = 0.52917720859(36) x 10~ 8 cm [32J (in Gaussian unit system), 
the mean radius of the electron in the ground state of a planar hydrogen 
atom described by the Schrodinger equation with a Chern-Simons potential, 
is (r) = (48.87 ± 0.03) x 10~ 8 cm. This result is two order of magnitude 
greater than the atomic radius of the hydrogen atom in three dimensions 
(~ 10~ 8 cm). The values of the orbital radius for different choices of m 7 (A) 
are shown in Table [TJ 

Table 1: Mean values oir/a B by varying A (or m 7 ). 



A 


(r)/a B 


0.2 x lO" 5 


92.35 ±0.06 


0.2 x i0~ 4 


25.59 ±0.01 


0.2 x 10- 3 


10.653 ±0.009 
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These values can be compared to the results of the same mean value for 



hydrogen atomic radius in higher dimensional spaces [29[ , from the number of 
dimensions varying from 3 to 10 (remember that for D = 4 there is no solution 
for the hydrogen atom) leading to the conclusion that in two dimensions the 
orbital radius of the electron in the ground state is by far the biggest one. 

4. Final Comments 

Let us compare our result with the well known features of the hydrogen 
atom in three dimensions. Remember that the ground state of this simple 
atom with such dimensionality is bound by 1 Ry, and the orbital radius of 
the electron is one Bohr's radius, 1 as- In contrast, the n = 10 state, which 
can be considered as a relatively low Rydberg state, has a binding energy 
of 0.01 Ry and a radius of 100 a^. Now, if we compare our result for the 
ground state, bounded by the energy Ei = 0.00026 Ry, with the three- 
dimensional analogous energy E n ~ 1/n 2 , it will correspond to the principal 
quantum number n = 62, in three dimensions, with a mean radius (r) ~ 
92a b, instead of 100 a#. Notice that the binding energy of the fundamental 
state of hydrogen atom in two dimensions (3.5 meV) is comparable to one 
tenth of thermal energies (~ 40 meV). Therefore, one should expect that 
planar atoms with one electron might be useful system with which to probe 
the interaction of an atom and the vacuum j35[. Also the possibility of having 



giant molecules [36(, [38], [37] could be investigated. 

In two space dimensions, new aspects of the electromagnetic interactions 
could be considered that may enrich our study of the hydrogen atom and 
introduce new corrections to its binding energy and mean radius. Among 



these, we should consider a non- minimal coupling [39] , [40] , [41] through the 
dual of the electromagnetic field strength, along with the minimal coupling 
with the potential in the gauge covariant derivative. This is property specific 
of (l+2)-D. Also, it would be of interest, for the sake of computing effects 
due to the magnetic properties of the electron, to re-analyze the magnetic 
moment and the gyromagnetic ratio (the g-factor) of the electron in a planar 
scenario to get its influence on the corrections to the quantities we have 
numerically computed in Section 3. 

It is our immediate purpose to go through this direction and we shall be 
soon reporting on that elsewhere. 
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